
MATH 103: Contemporary Mathematics

Study Guide for Fair Division Problems (Chapter 3)

1. We saw two categories of Fair Division Problems: continuous, and discrete. Give three examples for
each of the two categories.

2. Review the terminology used in this type of problem: the goods, the players, the value systems. In
particular, explain in your own words what the value system is about and why this is the ingredient
that makes fair division problems non trivial.

3. What is a fair share for a player? (Careful about how you phrase your answer.)

4. Complete the blanks. A continuous fair division problem with two players is solved using the
. . . . . . . . . . . . . . . . . . . . . . . .method.

5. Describe how the Divider-Chooser Method works.

6. Alice and Bob win a half-pepperoni half-anchovie pizza. Bob likes both anchovies and pepperoni
equally well, and he values the pizza to be $8. Alice cannot stand anchovies, and she assigns a value
of only $5 to the pizza since half of it is worthless. Bob does not know that Alice hates anchovies.

(a) Suppose Bob is the divider and cuts the pizza in half in such a way way that one half is exactly
one-fourth pepperoni and three-fourths anchovie. What value is each of the two halves to Alice?

(b) What half will Alice choose?

(c) Bob will receive the other half. How much is it worth to him?

(d) Did they both get a fair share?

7. Do fair division methods always lead to the best possible division? Review critically the outcome of
the previous problem before answering this question.

8. For the same pizza division problem as above, suppose now Alice is the divider.

(a) Describe how she could divide the pizza into two halves.



(b) Then describe which half Bob would pick and what it is worth to him.

9. Practice problem 12 p. 113.

10. Review the Lone Divider Method and describe its three steps: 1. Division, 2. Bidding, 3. Distribution.

11. Review the worked-out examples 3.2-3.4 p. 92 carefully. Then practice problems 19, 21 p. 112 for
3-player cases, and 24, 25 p. 115 for cases with 4 or 5 players (which are really no more difficult than
the 3-player case).

12. The Lone Chooser Method is the more complex of the continuous fair division problems with 3 or
more players. Describe its three steps for the 3-player case: 1. Division (using the Divider-Chooser
Method), 2. Subdivision, 3. Selection.

13. Go over example 3.2 p. 96-97 very carefully. Then practice the problem in Quiz 6. (Solutions are
posted on our website.)

14. Do problems 33, 35, 37, 39 p. 117-118.

15. Don, Dora, and Cal divide a pizza, which they agree is worth $18. They get a half-anchovie half-
pepperoni pizza. They will use the Lone Chooser Method, and Cal becomes the chooser leaving Don
and Dora the dividers. Don and Dora flip a coin, and Dora is selected to be the chooser. Here are
the value systems of the different players: 1. Cal can’t stand anchovies. 2. Don likes anchovies and
pepperoni equally well. 3. Dora likes anchovies three times as much as pepperoni.

(a) Don makes its cut so that one piece is one-third pepperoni and two-thirds anchovies. Draw a
picture of Don’s division.

(b) Which half will Dora choose?

(c) Now describe how Don will subdivide his half...

(d) ... and how Dora will subdivide her piece.

(e) Describe the final allocation of the pieces among the three players.

16. The last two methods work for discrete problems. Review the Method of Sealed Bids, and the Method
of Markers in our book and class notes. They are both based on the same three steps: 1. Bidding, 2.
Allocation, 3. Dividing. And they both seem too good to be true (this is due to human nature and
not mathematics) because they typically always produce a surplus that is then divided equally among
players who have already received their fair shares!



17. Review Example 3.9 p. 103-104.

18. Practice problem 52 p. 120.

19. The players are Al, Ben, Cal, Don, and Ed who are splitting up an inheritance comprising a house, a
vacation cottage, two cars (a BMW and a Saab), a yacht, and two valuable paintings (a Miro and a
Klee). The following table shows the results of the bidding step.

Al Ben Cal Don Ed
House $ 200,000 $ 215,000 $ 195,000 $ 175,000 $ 205,000

Cottage $60,000 $ 49,000 $ 62,500 $ 59,500 $ 55,000
BMW $ 29,000 $ 24,500 $ 25,000 $ 27,500 $ 27,500
Saab $ 25,000 $ 19,000 $ 22,500 $ 24,500 $ 19,500
Yacht $ 120,000 $ 125,000 $ 119,000 $ 129,00 $ 132,500
Miro $ 95,000 $ 89,000 $ 50,000 $ 75,000 $ 65,000
Klee $ 150,000 $ 135,000 $ 99,000 $ 179,000 $ 149,000

Totals
Fair Share

(a) Compute the totals and the fair shares for each players.
(b) For each player determine what item he will receive.

(c) For each player, determine how much he owes the estate or how much he will receive from the
estate.

(d) Compute the surplus. Then compute each player’s share of the surplus.

(e) Now describe the final settlement: for each player tell which item(s) he gets and how much he
pays or receives. Careful, you now have to take the surplus into account by subtracing it from
what some of the players owe and adding it to what the others receive. This will give the final
settlement.

20. The Method of Markers is used when the booty consists of many individual items. They are arranged
in a long line and the “bidding” take place by placing cuts (markers) which divide the line of items
into fair shares for each player.

21. Go over example 3.11 carefully. Notice how the allocation proceeds in steps: find the first first marker
and make the first assignment, then find the second second marker and make the second assignment,
etc. The last assignment is always the right-most share for the last player left.

22. Practice 63, 66 p. 122.

23. Alice, Beth, and Carol want to divide what is left of a can of mixed nuts. There are 6 cashews, 9
pecan halves, and 3 walnut halves to be divided. The women’s value systems are as follows: 1. Alice
does not care at all about pecans of cashews but loves walnuts. 2. Beth Likes walnuts twice as much
as pecans and really does not care for cashews. 3. Carol likes all the nuts but likes cashews twice as
much as the others. The nuts are lined up as shown:
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(a) Determine where each player places her markers.
(b) Describe the allocation of the nuts.

(c) Describe the surplus and what would you do with it.


