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Summary. We discuss physical and statistical properties of rogue wave generation
in deep water from the perspective of the focusing Nonlinear Schrödinger equation
and some of its higher order generalizations. Numerical investigations and analytical
arguments based on the inverse spectral theory of the underlying integrable model,
perturbation analysis, and statistical methods provide a coherent picture of rogue
waves associated with nonlinear focusing events. Homoclinic orbits of unstable solutions of the underlying integrable model are certainly candidates for extreme waves,
however for more realistic models such as the modified Dysthe equation two novel
features emerge: (a) a chaotic sea state appears to be an important mechanism for
both generation and increased likelihood of rogue waves; (b) the extreme waves
intermittently emerging from the chaotic background can be correlated with the
homoclinic orbits characterized by maximal coalescence of their spatial modes.

1 Introduction
Among the various mechanisms for wave amplification under different physical conditions, the Benjamin-Feir (BF) instability and nonlinear self focusing
are often proposed in relation to rogue wave generation in deep water. In particular, the work of Henderson et al, [13] suggests that excitation of certain
breather-like solutions of the focusing nonlinear Schr̈odinger (NLS) equation
iut + uxx + 2|u|2 u = 0,

(1)

triggers the formation of rogue waves. Trulsen and Dysthe’s analysis [34] of
the sea state during the famous New Year Wave event recorded at the North
Sea Draupner Platform in 1995 (see Fig. 1) shows a weakly nonlinear wave
train with a relatively narrow frequency bandwidth, thus supporting the use
of the focusing NLS equation as a basic model for studying rogue waves in
deep water.
A stability analysis of solutions of the NLS equation shows that low frequency modes may become unstable and that the number of unstable modes
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Fig. 1. Time series of the surface elevation of the 1995 New Year Wave Event.

increases with the amplitude of the carrier wave. Homoclinic orbits of unstable
NLS solutions, including those of an unstable Stokes wave, exhibit many of
the properties observed in rogue waves [28, 9, 17]. However, generic homoclinic
orbits of unstable solutions of the NLS equation are unlikely to be physically
observable in more realistic models of deep water wave dynamics (for example,
those described by higher order generalizations of the NLS equation). It is thus
important to develop criteria for rogue wave formation for general sea states,
to investigate whether proximity to unstable solutions of the integrable model
can be correlated to rogue wave generation, and to determine the robustness
of the homoclinic orbits under physically meaningful perturbations.
A more realistic description of deep water wave dynamics is provided by
the Modified Dysthe (MD) equation,




1
uxxx − 6|u|2 ux + u2 u∗x − 2ui H |u|2 x
iut + uxx + 2|u|2 u + iǫ1/2
2
5
7
+ǫ
u4x + iǫ3/2
u5x = 0,
16
32
introduced by Trulsen and Dysthe [32, 33] by retaining higher order terms
in the asymptotic expansion of the surface wave displacement. (Here H(f )
denotes the Hilbert transform of the function f .)
Laboratory experiments conducted in conjunction with numerical simulations by the first author and her collaborators [1, 2], established that, for
higher order generalizations of the NLS equations, the generic long-time dynamics of initial data near an unstable Stokes wave with two unstable modes is
chaotic. Further numerical investigations of the MD equation revealed that for
a general class of such initial data, high amplitude coherent structures arise
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intermittently above the chaotic background [9]. Remarkably, these emerging coherent structures are structurally similar to maximal homoclinic orbits
of the unperturbed Stokes wave with coalesced spatial phases (which are also
the homoclinic orbits of maximal amplitude). Such optimally phase modulated
homoclinic solutions of the NLS equation appear to be the only homoclinic solutions which persist under perturbations, their persistence being independent
of phase selection of the initial conditions [9, 30]. In other words, a chaotic
sea state due to proximity to unstable NLS solutions appears to increase the
occurrence of rogue waves, enhance focusing effects, and select, among homoclinic solutions, those that are good candidates for modelling physically
observable rogue waves.
In order to analyse this phenomenon in more detail, we regard the MD
equation as a perturbation of the NLS equation. A combination of tools from
the integrable theory of the NLS equation, and a formal extension of the
Melnikov method for perturbations of Hamiltonian systems with homoclinic
structures are used to address both structural and statistical properties of the
observed rogue waves.
In section 2 we review elements of the periodic theory for the integrable
NLS equation, the analytical construction of homoclinic solutions (from lowdimensional to maximal homoclinic manifolds) of the unstable Stokes wave,
and discuss wave amplification due to phase coalescence, as well as the relation
between phase singularities, wave compression, and wave amplification.
In section 3 we study the effects of homoclinic chaos on rogue wave generation, and discuss numerical simulations of the MD equation (8) and its restriction to spatially symmetric wave trains. (See e.g. Fig. 5b.) “Noisy” rogue
waves emerge intermittently above a chaotic background: we discuss how the
likelihood of rogue wave occurrence as well as wave focusing are found to
increase in the chaotic regime.
In section 4 we present a formal Melnikov-type calculation aimed at explaining the persistence of optimally phase modulated homoclinic orbits during the perturbed chaotic dynamics. These persisting coherent structures are
thus natural candidates for the physically observable rogue waves.
The remaining sections use a statistical approach (in combination with
the periodic theory of the integrable NLS), to develop a criterion for rogue
wave prediction, and a statistical description of rogue waves associated with
homoclinic chaos in both the NLS and MD models.
In section 5, we discuss rogue wave generation for random sea states characterized by the Joint North Sea Wave Project (JONSWAP) power spectrum.
The JONSWAP spectrum was introduced to describe developing sea states
with ongoing nonlinear wave-wave interactions [27, 5].) A spectral quantity,
the “splitting distance” between simple periodic points of the Floquet spectrum of an initial condition in a neighborhood of an unstable NLS solution,
is proposed as a measurement of the proximity in spectral space to unstable
waves and homoclinic data. For regimes in which few (two or three) unstable
modes are present, hundreds of realizations of JONSWAP type initial data
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show that, in both the pure NLS and the MD models, rogue waves develop
for small splitting distance, and do not when the splitting distance is large
[14].
In the final section a statistical interpretation of rogue waves in both the
NLS and MD equations is provided. Using the third and fourth statistical moments of the wave elevation for sea states characterized by JONSWAP spectra
with random phases, we examine dependence of skewness, kurtosis, and likelihood of rogue waves on the proximity to unstable waves and homoclinic data.
Extensive numerical studies reveal that wave strength, skeweness, and kurtosis all increase as the spectral splitting distance decreases, thus supporting
the claim that modulational instability is not only an important mechanism
for rogue wave generation, but also a significant source of non-Gaussianity
in the water wave statistics. Finally, consistent with the numerical and analytical studies described in the first part of this article, statistically, the NLS
equation appears to under predict, as compared to the MD equation, both
the strength and likelihood of rogue waves.

2 Background
As is well-known, the nonlinear Schrödinger (NLS) equation is equivalent to
the solvability condition of the AKNS system, the pair of first-order linear
systems [37]:
L(x) φ = 0,
L(t) φ = 0,
(2)
for a vector-valued function φ. The linear operators on the left-hand sides of
(2) are




∂x + iλ −u
∂t + i(2λ2 − |u|2 )
−2λu − iux
(x)
(t)
L =
,L =
,
u∗ ∂x − iλ
2λu∗ − iu∗x
∂t − i(2λ2 − |u|2 )
and depend on x and t through the NLS potential u and on the spectral
parameter λ.
The nonlinear spectral decomposition of an NLS initial condition (or in
general of an ensemble of JONSWAP initial data) is based on the inverse
spectral theory of the NLS equation. For periodic boundary conditions u(x +
L, t) = u(x, t), the Floquet spectrum associated with an NLS potential u (i.e.
the spectrum of the linear operator L(x) at u) can be described in terms of
the Floquet discriminant of u, defined as the trace of the transfer matrix of a
fundamental matrix solution Φ of (2) over the interval [0, L] [3]:

∆(u; λ) = Trace Φ(x, t; λ)−1 Φ(x + L, t; λ) .
Then, the Floquet spectrum is defined as the region

σ(u) = {λ ∈ C
I | ∆(u; λ) ∈ IR, −2 ≤ ∆ ≤ 2}.

Rogue Waves in Higher Order Nonlinear Schrödinger Models

5

Points of the continuous spectrum of u are those for which the eigenvalues of
the transfer matrix have unit modulus, and therefore ∆(u; λ) is real and between 2 and −2; in particular, the real line is part of the continuous spectrum.
Points of the L-periodic/antiperiodic discrete spectrum of u are those for which
the eigenvalues of the transfer matrix are ±1, equivalently ∆(u; λ) = ±2.
Points of the discrete spectrum which are embedded in a continuous band of
spectrum have to be critical points for the Floquet discriminant (i.e., d∆/dλ
must vanish at such points).
Because the transfer matrix only changes by conjugation when we shift in
x or t, ∆ is independent of those variables. An important consequence of this
observation is that the Floquet discriminant is invariant under the NLS flow,
and thus encodes an infinite family of constants of motion (parametrized by
λ).
The continuous part of Floquet spectrum of a generic NLS potential consists of the real axis and of complex bands terminating in simple points λsj (at
which ∆ = ±2, ∆′ 6= 0). The N -phase potentials are those characterized by a
finite number of bands of continuous spectrum (or a finite number of simple
points). Fig. 2 shows the spectrum of a typical N -phase potential: complex
critical points (usually double points of the discrete spectrum for which ∆′ = 0
and ∆” 6= 0), such as the one appearing in the figure, are in general associated
with linear instabilities of u and label its homoclinic orbits [11]. Fig. 8a shows
spectrum of an N -phase potential near the one shown in Fig. 2: the complex
double point has split into a pair of simple points; such a potential possesses
no linear unstable modes (simple points and real double points are in general
associated with neutrally stable modes).

λ− plane

Fig. 2. Spectrum of an unstable N-phase solution. The simple periodic eigenvalues
are labeled by circles and the double points by crosses.
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2.1 Homoclinic solutions of the NLS equation as candidates for
rogue waves
Modulationally unstable solutions of the NLS equation (e. g. N -phase solutions whose Floquet spectra have complex double points) have homoclinic
orbits that can undergo large amplitude excursions away from their target
solution. Such homoclinic orbits can be used as models of rogue waves.
An important (and the simplest) example of unstable NLS solution is the
plane (or Stokes) wave potential
2

ua (x, t) = ae2ia t .

(3)

Elementary Fourier analysis shows that the plane wave is unstable when its
amplitude a is sufficiently large: in fact, for 0 < πn/L < a, the solution of
the linearized NLS equation about ua has M linearly unstable modes (UMs)
eσn t+2πnx/L with growth rates σn given by
σn2 = µ2n (µ2n − 4a2 ),

µn = 2πn/L,

where M is the largest integer satisfying 0 < M < aL/π.
One can also check (see e. g. [9]) that for 0 < πn/L < 0 the Floquet
spectrum of the plane wave potential ua has exactly M complex double points,
each “labelling” an associated unstable mode.
Using Bäcklund transformations [26, 25] one can in principle construct the
family of homoclinic orbits of an unstable NLS potential. In fact, this method
gives explicit formulas for homoclinic orbits of N -phase solutions, although
their expressions become rather complicated for N > 2. For NLS potentials
with several unstable modes, iterated Bäcklund transformations will generate
their entire stable and unstable manifolds, comprised of homoclinic orbits of
increasing dimension up to the dimension of the invariant manifolds. Such
higher-dimensional homoclinic orbits associated with two or more UMs are
also known as combination homoclinic orbits.
A single (i. e. lowest dimensional) homoclinic orbit of the plane wave potential is given by
1 + 2 cos(px)eσn t+2iφ+ρ + Ae2σn t+4iφ+2ρ
(4)
1 + 2 cos(px)eσ1 t+ρ + Ae2σn t+2ρ
p
where A = 1/ cos2 φ, σn = ±p 4a2 − p2 , φ = sin−1 (p/2a), and p = µn =
2πn/L < a for some integer n. Each UM has an associated homoclinic orbit
characterized by the mode p = µn .
Fig. 3 shows the space-time plot of the√
amplitude |u(x, t)| of a homoclinic
orbit with one UM, for a = 0.5, L = 2 2 and p = 2π/L. As t → ±∞,
solution (4) limits to the plane wave potential; in fact, the plane wave behavior
dominates the dynamics of the homoclinic solution for most of its lifetime. As
t approaches t0 = 0, nonlinear focusing occurs due to the BF instability and
2

u(x, t) = ae−2ia

t
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Fig. 3. Analytical rogue wave solution of the NLS corresponding to one UM.

the solution rises to a maximum height of 2.4a. Thus, the homoclinic solution
with one UM can be regarded as the simplest model of rogue wave.
An almost equally dramatic wave trough occurs close to the crest of the
rogue wave as a result of wave compression due to wave dislocation. The
amplitude amplification factor is given by
f=

maxx∈[0,L], t∈IR |u(x, t)|
≈ 2.4.
limt→±∞ |u(x, t)|

(5)

In general, f depends upon the wavenumber of the modulation. As the wave
number decreases, the amplification factor increases to the limiting value
fmax = lim+ f (κ) = 3,
κ→0

(6)

although the waves take longer to reach their maximum height since their
growth rate is smaller [4].
2.2 Phase modulated rogue waves
As the number of UMs increases, the space-time structure of the homoclinic
solutions becomes more complex. When two or more UMs are present the
initial wave train can be phase modulated to produce additional focusing.
The family of homoclinic orbits of the plane wave potential with two UMs
is given by an expression of the form
2

u(x, t) = ae2ia

t g(x, t)

f (x, t)

,

(7)

where the expression for f (x, t) and g(x, t) depend on the two spatial modes
cos(2nπx/L), cos(2mπx/L), and on temporal exponential
factors exp(σn t +
p
ρn ), exp(σm t + ρm ), with growth rates σl = µl µ2l − 4a2 , µl = 2πl/L. (The
complete formulas can be found in [7, 9].)
As in the one-UM case, this combination homoclinic orbit decays to the
plane wave potential as t → ±∞, and the associated rogue wave remains hidden beneath the background plane wave for most of its lifetime. The temporal
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separation of the two spatial modes depends upon a parameter ρ related to
the difference ρn − ρm in the temporal phases [7, 9].
In turn, ρ affects the amplitude amplification factor. Figs. 4a-b show the
combination homoclinic orbit (7) obtained with all parameters set equal except for ρ. In Fig. 4a, ρ = .1, the modes are well separated, and the amplitude
amplification factor is roughly three. In Fig. 4b, the value of ρ is approximately −0.65, corresponding to the two UMs being simultaneously excited or
coalesced. At such ρ-value the amplitude amplification factor is maximal and
the rogue wave rises to a height of 4.1 times the height of the carrier wave
(whose maximum height is 2.1).
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Fig. 4. Rogue wave solutions of the NLS corresponding to two unstable modes (a)
without phase modulation (ρ = −1) and (b) with phase modulation (ρ = −0.65).

Note that Fig. 4a shows focusing due to only weak amplitude modulation
of the initial wave train; the growth in amplitude beginning at t ≈ −5 and at
t ≈ 10 is due to the BF instability. However, in Fig. 4b focusing due to both
amplitude and phase modulation occurs. The amplitude growth at t ≈ −5 is
due to the BF instability, while the additional very rapid focusing at t ≈ 3.4
is due to the phase modulation. In general it is possible to select the phases
in a combination homoclinic orbit with N spatial modes so that any number
n (2 ≤ n ≤ N ) of modes coalesce at some fixed time.

3 Noisy rogue waves
The Broad Bandwidth Modified NLS equation was introduced by Trulsen and
Dysthe [32] as a higher order asymptotic approximation of slowly modulated
periodic wave trains in deep water, assuming that the wave slope ka (where k
is the wave number, and a the size of the initial displacement) is O(ǫ), while
the bandwidth |∆k|/k and the quantity (kh)−1 (where h is the water depth)
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are O(ǫ1/2 ). The resulting Modified Dysthe (MD) equation




1
2
1/2
2
2 ∗
2
iut + uxx + 2|u| u + iǫ
uxxx − 6|u| ux + u ux − 2ui H |u| x +
2
7
5
u4x + iǫ3/2
u5x = 0,
(8)
+ǫ
16
32
is the starting point of our numerical experiments, aimed at investigating
the robustness of homoclinic solutions of the NLS equation, as well as the
likelihood of rogue wave generation, when higher order terms are introduced
in the wave dynamics.
We choose initial data for solutions with two and three UMs; for example,
in the two-UM regime, the initial condition has the form



2πx
4πx
u(x, 0) = a 1 + 4i ǫ1 sin φ1 eiφ1 cos(
) + ǫ2 sin φ2 eiφ2 cos(
) ,
L
L
where the parameters φi ’s are varied to explore a neighborhood of the unstable
plane wave potential.
Fig. 5a illustrates a striking rogue wave solution of equation (8) for ǫ1 =
10−4 and ǫ2 = 10−5 . The solution rapidly becomes chaotic (around t = 31)
and exhibits an irregular dynamics for a long time afterwards. At t ≈ 471.2 a
rogue wave rises from the plane wave state, developing a crest of amplitude
approximately equal to four times the background wave height. The structure
of this rogue wave is remarkably similar to that of the combination homoclinic
solution (7) with coalesced spatial modes obtained when ρ = −0.65. (Compare
Fig. 5a with Fig. 4b.)
Numerical simulations of the MD equation in the three-UM regime show a
similar phenomenon: after the onset of chaotic dynamics, rogue waves rise
intermittently above the chaotic background (see Fig. 5b). At t ≈ 208 a
rogue wave develops with a wave amplitude amplification factor of almost
five. Again, the emerging rogue wave is close to the optimally phase modulated NLS homoclinic solution in the three-UM regime.
Extensive numerical experiments were performed for both the full MD
model and its restriction to spatially even potentials (see Section 4) in the
two- and three-UM regime, varying both perturbation strength ǫ and the
values of the parameters φi ’s in the initial data. In all cases, the coalesced
homoclinic NLS solution emerges generically as a structurally stable feature
of the perturbed dynamics.
We observe how the chaotic regime produces additional focusing by effectively selecting optimal phase modulation, and how the chaotic dynamics
singles out the maximally coalesced homoclinic solutions of the unperturbed
NLS equation as physically observable rogue waves. Moreover, (see e. g. Fig. 5)
larger amplitude waves, and more of them, are obtained for the MD equation,
as also supported by the diagnostics developed in section 5, correlating wave
strengths in the NLS and MD models to proximity to homoclinic data. Thus,
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Fig. 5. Rogue waves solutions for the even MD equation when (a) two and (b) three
unstable modes are present.

the underlying chaotic dynamics of the MD equation appears to increase the
likelihood of rogue wave generation and to favor occurrence of large amplitude
rogue waves, as compared to predictions obtained from the NLS equation.

4 Melnikov Analysis
In order to better understand the emergence of the coalesced homoclinic orbit
in the chaotic dynamics described by the MD equation, we use perturbation
methods to construct appropriate measurements of the splitting distance of
the stable and unstable manifolds of a plane wave solution with two unstable
modes. In this section we briefly describe the main ingredients of the ensuing
Melnikov analysis; the reader is referred to [9] for full details.
We consider the following restriction of the MD equation to spatially even
potentials u(x, t) = u(−x, t):
iut + uxx + 2|u|2 u = ǫuxxxx.

(9)

Equation (9) can be regarded as a Hamiltonian dynamical system on an appropriate Sobolev space of even, periodic functions, with Hamiltonian functional
Z L
Hǫ (u) =
(|ux | − |u|4 − ǫ|uxx |2 ) dx, and an additional conserved functional
0
Z L
2
given by the L -norm I(u) =
|u|2 dx.
0

For ǫ = 0, we consider a plane wave potential ua with two UMs (equivalently, with two complex double points): linear analysis shows that ua possesses two-dimensional stable and unstable eigenspaces and an infinite number
of center modes (characterized by complex conjugate pairs of imaginary eigenvalues). Its center-stable and center-unstable invariant manifolds coincide and
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have codimension two. (In fact, they are explicitly parametrized in terms of
the homoclinic solution (7).)
When ǫ 6= 0, the plane wave potential persists as a solution of the perturbed equation, and its perturbed center-stable and center-unstable manifolds generically split. In finite-dimensional situations, invariant manifolds of
unstable solutions can split under perturbation and intersect transversally.
Such transversal intersections are often associated with chaotic behavior and
with persistence of homoclinic orbits in the perturbed system. For PDEs the
analogous situation is far more subtle, and rigorous analysis has been performed only in a handful of cases [12, 23, 21, 38, 39].
If we assume that the perturbed invariant manifolds split transversally, we
need two independent measurements for their splitting distance (one for each
direction transversal to the unperturbed invariant manifold). However, the
perturbation is Hamiltonian, so the splitting occurs within the codimension
one energy surface Hǫ = const, thus reducing the number of measurements
to one.
In order to define suitable measurements, we recall how the Floquet discriminant ∆(u; λ) of an NLS solution u, viewed as a functional on the NLS
phase space, encodes an infinite family of constants of motion [22]. Given a
solution uc with a purely imaginary critical point λc (such as, for example, an
unstable plane wave potential), regarding λc as a functional on a neighborhood
U of uc , the functional F : U → C,
I
F (u) := ∆(λc (u); u),
is locally smooth, provided

(10)

d2 ∆
(λ, u) 6= 0 , ∀ u ∈ U. Then, the sequence
dλ2
Fj (u) = ∆(λcj (u), u),

generated as λcj varies among the critical points of the potential u, defines a
natural family of constants of motion, which identify the critical level sets of
u by labelling them in terms of the double points of its Floquet spectrum.
One of the main advantages of this representation of the constants of motion of the NLS equation is that the gradient of Fj can be explicitly expressed
in terms of solutions of the AKNS system by means of the following remarkable formula [22]:
√
 + − 
∆2 − 4
δFj
ψ2 ψ2
.
(11)
(u) = i
δu
W [ψ + , ψ − ] −ψ1+ ψ1− λ=λc
In formula (11), u = (u, u∗ ), ψ ± (x, λ) are the Bloch eigenfunctions (common
eigenfunctions of the operator L(x) and the shift operator (Sψ)(x) = ψ(x+L)),
and W denotes the Wronskian.
We observe that δFj /δu vanishes at a critical potential uc (such as the
plane wave solution), reflecting the fact that Fj is critical along the critical level set. On the other hand, if uh is a homoclinic orbit of uc , then
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δFj /δu(uh ) 6= 0; therefore δFj /δu (uh ), j = 1, . . . M, (M being the number of
complex double points in the spectrum of uc ) define directions transversal to
the homoclinic manifold.
Returning to the even restriction of the MD equation (9), the components
of the splitting distance of the perturbed stable and unstable manifolds of
a plane wave potential with two UMs along directions ∇Fj , j = 1, 2 are
expressed in terms of the following Melnikov-type integrals:
Z +∞
h∇Fj , f i|u=uh dt,
(12)
dj = ǫMj (ρ) + O(ǫ2 ),
Mj (ρ) =
−∞

where f (u) = (uxxxx, u∗xxxx ) is the vector of the perturbation, < , > is the
standard inner product in L2 ([0, L], C),
I and uh is the homoclinic orbit (7).
Both measurements depend on parameter ρ, the same parameter that governs
the temporal separation of the spatial modes of the unperturbed homoclinic
orbit (7) (see Section 2.2).
Consistent with the dimensional count for the splitting distance, numerical
evaluation of the two Melnikov integrals show that M1 and M2 are mutually
proportional functions of the parameter ρ (i. e. a single measurement is sufficient). Fig. 6 shows existence of a unique nondegenerate zero of M1 , suggesting
that a transversal homoclinic structure persists under perturbation.

M( ρ )
30

0

-30

-2

-1

0

1

2

3

4

ρ
Fig. 6. Graph of the Melnikov integral M1 as a function of parameter ρ. A transversal zero occurs at ρ = −0.65.

A truly remarkable fact, is that the nondegenerate zero of M1 (ρ) coincides
(up to order ǫ) with the value of ρ at which the two spatial modes of the
homoclinic solution (7) coalesce, producing a homoclinic orbit of maximal
amplitude. The same structure is observed as the recurring structurally stable
feature of the chaotic dynamics. (See Fig. 5.)
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A study of the analytical structure of single and combination homoclinic
orbits, together with the numerical experiments and the Melnikov analysis,
supports the following:
–Although homoclinic solutions of the NLS equation have many of the features
of rogue waves, not all can be regarded as good candidates for modelling
actual rogue waves, as not all are robust under perturbations that lead to
more accurate physical models.
–For sea states characterized by a finite number of unstable modes, the homoclinic solutions that are robust under perturbation are the combination
homoclinic orbits: 1) with a maximal number of spatial modes excited (this
should not be a surprise, since the lower-dimensional homoclinic solutions are
linear unstable); and 2) for which the spatial modes are optimally coalesced.
–A chaotic sea state enhances the occurrence of rogue waves. One should note
that a homoclinic solution of the NLS will rise over the background wave
only once in its life time and for a relative brief time. However, in a chaotic
evolution, the maximally coalesced homoclinic orbit will occur repeatedly,
although in an unpredictable fashion.

5 Random oceanic sea states and the proximity to
homoclinic data
To study the generation of rogue waves in a random sea state, we consider
initial data for the surface elevation to be of the form [29]
η(x, 0) =

N
X

n=1

Cn cos (kn x − φn ) ,

(13)

where kn = 2πn/L and the random phases
p φn are uniformly distributed on
(0, 2π) and the spectral amplitudes, Cn = 2S(fn )/L, are obtained from the
JONSWAP spectrum [27]:
"
"
 4 #

2 #
αg 2
1 f − f0
5 f0
r
S(f ) =
γ ,
r = exp −
. (14)
exp −
(2πf )5
4 f
2
σ0 f0
Here f is spatial frequency, fn = kn /2π, f0 is the dominant frequency, determined by the wind speed at a specified height above the sea surface, g is
gravity, and σ0 = 0.07 (0.9) for f ≤ f0 (f > f0 ). In contrast to physical experiments, which monitor the surface evolution at a given spatial point (probe)
in time, here we take time slices and examine the features in space.
JONSWAP spectra describe developing sea states since for γ > 1 the wave
spectra continues to evolve through nonlinear wave-wave interactions for very
long times and distances. As γ is increased, the spectrum becomes narrower
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about the dominant peak (see Fig. 6). In this sense, γ is considered the “peakshape” parameter.
The scale parameter α is related to the amplitude and energy content
of the wavefield. Based on an “Ursell number”, the ratio of the nonlinear
and dispersive terms of the NLS equation (1) in dimensional form, the NLS
equation is considered to be applicable for 2 < γ < 8 [29]. Typical values of
alpha are 0.008 < α < 0.02.
Jonswap spectrum for γ = 1, 5, 10

2

10

1

10

0

10

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

Fig. 7. The JONSWAP spectrum for γ = 1 (solid line), γ = 5 (dashed line), and
γ = 10 (dash-dot line) with f0 = 0.1 Hz and α = 0.0081.

In the numerical experiments, the NLS and MD equations are integrated
using a pseudo-spectral scheme with 256 Fourier modes in space and a fourth
order Runge-Kutta discretization in time (∆t = 10−3 ). The nonlinear mode
content of the data is numerically computed using the direct spectral transform described above, i.e. the system of ODEs (2) is numerically solved to
obtain the discriminant ∆. The zeros of ∆ ± 2 are then determined with a
root solver based on Muller’s method [11]. The spectrum is computed with
an accuracy of O(10−6 ), whereas the spectral quantities we are interested in
range from O(10−2 ) to O(10−1 ).
Under perturbation complex double points typically split into two simple
points, λ± , thus opening a gap in the band of spectrum (see Fig. 2). We refer
to the distance between these two simple points, δ(λ+ , λ− ) = |λ+ −λ− |, as the
splitting distance. As mentioned, homoclinic solutions arise as an appropriate
degeneration of a finite gap solution [15], i.e. when the resulting double point,
δ(λ+ , λ− ) → 0, is complex. Consequently, we can use δ to measure the proximity in the spectral plane to homoclinic data, i.e. to complex double points and
their corresponding instabilities. Since the NLS spectrum is symmetric with
respect to the real axis and real double points correspond to inactive modes,
in subsequent plots only the spectrum in the upper half complex λ-plane will
be displayed.
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Our first step is to determine the spectrum of JONSWAP initial data
given by (13) for various combinations of α = .008, .012, .016, .02, and γ =
1, 2, 4, 6, 8. For each such pair (γ, α), we performed fifty simulations, each
with a different set of randomly generated phases. As expected, the spectral
configuration depends on the energy α and the enhancement coefficient γ.
However, the extent of the dependence of features of the spectrum, such as
the proximity to complex double points, upon the phases in the initial data
is surprising.
Typical examples of the results are given in Figs. 8a and 8b which show
the numerically computed nonlinear spectrum of JONSWAP initial data when
γ = 4 and α = .016 for two different realizations of the random phases.
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Fig. 8. Spectrum and evolution of Umax (a) “near” and (b) “far” from homoclinic
data.

We find that JONSWAP data correspond to “semi-stable” N -phase solutions, i.e. JONSWAP data can be viewed as perturbations of N -phase solutions with one or more unstable modes (compare Fig. 2 with the spectrum
of an unstable N -phase solution in Fig. 8). In Fig. 8a the splitting distance
δ(λ+ , λ− ) ≈ .07, while in Fig. 8b δ(λ+ , λ− ) ≈ .2. Thus the JONSWAP data
can be quite “near” homoclinic data as in Fig. 8a or “far” from homoclinic
data as in Fig. 8b, depending on the values of the phases φn in the initial
data. For all the examined values of α and γ we find that, when α and γ are
fixed, as the phases in the JONSWAP data are varied, the spectral distance
δ of typical JONSWAP data from homoclinic data varies.
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Most importantly, irrespective of the values of the JONSWAP parameters
α and γ, in simulations of the NLS equation (1) we find that extreme waves develop for JONSWAP initial data that is “near” NLS homoclinic data, whereas
the JONSWAP data that is “far” from NLS homoclinic data typically does not
generate extreme waves. Figs. 8c and 8d show the corresponding evolution of
the maximum surface elevation, Umax , obtained with the NLS equation. Umax
is given by the solid curve and as a reference, 2.2HS (the threshold for a rogue
wave) is given by the dashed curve. HS is the significant wave height and is
calculated as four times the standard deviation of the surface elevation. Fig. 8c
shows that when the nonlinear spectrum is near homoclinic data, Umax exceeds 2.2HS (a rogue wave develops at t ≈ 40). Fig. 8d shows that when the
nonlinear spectrum is far from homoclinic data, Umax is significantly below
2.2HS and a rogue wave does not develop. As a result we can correlate the
occurrence of rogue waves characterized by JONSWAP spectrum with the
proximity to homoclinic solutions of the NLS equation.
3
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Fig. 9. Strength of Umax /Hs vs. the splitting distance δ(λ+ , λ− ) for solutions of
the NLS equation.

The results of hundreds of simulations of the NLS and MD equations
consistently show that proximity to homoclinic data is a crucial indicator of
rogue wave events. Fig. 9 and 10 provide a synthesis of 200 random simulations
of the NLS equation and of the MD equation for two perturbation strengths
(ǫ = 0.005 and ǫ = 0.01) for JONSWAP initial data with different (γ, α)
pairs (with γ = 2, 4, 6, 8, and α = .012, .016). For each such pair (γ, α), we
performed 25 simulations, each with a different set of randomly generated
phases. We restrict our consideration to semi-stable N -phase solutions near
to unstable solutions of the NLS with one UM. Each circle represents the
strength of the maximum wave (Umax /HS ) attained during one simulation as
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Fig. 10. Strength of Umax /Hs vs. the splitting distance δ(λ+ , λ− ) for solutions of
the MD equation when (a) ǫ = .005 and (b) ǫ = .01.

a function of the splitting distance δ(λ+ , λ− ). The results for the particular
pair (γ = 4, α = 0.012) is represented with an asterisk. A horizontal line at
Umax /HS = 2.2 indicates the reference strength for rogue wave formation.
We identify two critical values δ1 (ǫ) and δ2 (ǫ) that clearly show that (a) if
δ < δ1 (near homoclinic data) rogue waves will occur; (b) if δ1 < δ < δ2 , the
likelihood of obtaining rogue waves decreases as δ increases and, (c) if δ > δ2
the likelihood of a rogue wave occurring is extremely small.
This behavior is robust. As α and γ are varied, the strength of the maximum wave and the occurrence of rogue waves are well predicted by the proximity to homoclinic solutions. The individual plots of the strength vs. δ for
particular pairs (γ, α) are qualitatively the same regardless of the pair chosen.
As noted in section 4 on the MD equation, enhanced focusing occurs in the
chaotic regime. Fig. 10 shows that as ǫ increases the average strength and the
likelihood of rogue waves increases. Clarification on the likelihood of rogue
waves through an examination of the kurtosis is provided in the next section.
These results give strong evidence of the relevance of homoclinic solutions
of the NLS equation in investigating rogue wave phenomena for more realistic oceanic conditions and identifies the nonlinear spectral decomposition as
a simple diagnostic tool for predicting the occurrence and strength of rogue
waves.

6 Non-Gaussian statistics and the dependence of
kurtosis on the proximity to homoclinic data
In [24] the probability distribution of crest-to-trough wave heights was formulated to be given by the Rayleigh distribution when the wave spectrum is
narrow banded and the phases in the reconstruction of the surface elevation
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are uniformly distributed. Various studies using experimental and field wave
data have shown that this can be a reasonable assumption for water waves in
the linear regime.
In the nonlinear regime, the relation of the probability density function of
wave heights to the nonlinear parameters describing various sea states is not
generally known. Simply assuming a Gaussian distribution can be risky. If the
kurtosis is in fact much greater than that for the Gaussian distribution, then
the probability of an extreme event will be underpredicted.
The main questions we address in this section are whether the modulational instability and the presence of coherent structures yield non-Gaussian
statistics of surface gravity waves in the nonlinear regime and whether this
can be captured by the spectral parameter δ. In our earlier work with the NLS
equation it appeared that homoclinic chaos increases the likelihood of rogue
waves. After a short time the waves become chaotic resulting in a sea state
characterized by intermittent rogue waves. To more precisely quantify rogue
wave events, in our current numerical experiments we monitor the evolution
of the skewness, m3 , and the kurtosis, m4 , of the wavefield which are related
to the third and fourth statistical moments of the probability density function
of the surface elevation by
m3 (η) =

N
X
(ηj − η̄)3
,
N σ3
j=1

m4 (η) =

N
X
(ηj − η̄)4
,
N σ4
j=1

where σ is the standard deviation of the surface elevation, η̄ is the average
surface elevation and N is the number of data points sampled.
Skewness is a measure of the vertical asymmetry of the wavefield. Positive
values indicate the wavefield is skewed above average height, i.e. the crests are
bigger than the troughs. Negative values indicate that the wavefield is skewed
below average height.
The kurtosis is a measure of whether the distribution for the wavefield is
peaked or flat, relative to a Gaussian distribution and defines the contribution of large waves to the wavefield. The kurtosis for a Gaussian distribution
is three. Wavefields with high kurtosis (in excess of 3) tend to have a distinct peak near the mean, decline rapidly, and have heavy tails. That is, fewer
observations or events cluster near the average and more observations populate the extremes either far above or far below the average compared to the
bell curve of the normal distribution. For this reason, excess kurtosis much
above three indicates that the contribution of large waves is significant and
corresponds to a higher probability of a rogue wave event.
Fig. 11 (a) shows the plot of the kurtosis as a function of time for the
analytical two unstable mode homoclinic solutions of the NLS (7) (the corresponding waveforms are given in Fig. 4) in the uncoalesced case, ρ = −1, and
in the coalesced case, ρ = −0.65. Here we are using the kurtosis as a formal
tool to obtain a rough estimate of the peakedness of the waveform. In both
cases the kurtosis starts to increase with the onset of the BF instability and
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Fig. 11. For the two unstable mode homoclinic solution of NLS: (a) the evolution
of the kurtosis for the coalesced and uncoalesced cases and (b) the maximum of the
kurtosis as a function of ρ.

reaches a maximum when the instability saturates. In the uncoalesced case
there are two excursions in the kurtosis. In the coalesced case, the increased
height achieved by the waveform is reflected in a significantly larger kurtosis.
Fig. 11(b) shows the plot of the maximum of the kurtosis of the two unstable
mode homoclinic orbit, as a function of the phase parameter ρ. Interestingly,
the maximum of the kurtosis is optimized by the robust coalesced homoclinic
solution which also gives the zero of the Melnikov integrals and is persistent
in the MD equation.
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Fig. 12. Evolution of the (a) skewness and (b) kurtosis for Jonswap initial data.

In [16] Janssen formulated the relation between the kurtosis of the surface
elevation and the probability of rogue wave occurrence for 1D weakly nonGaussian waves. A is the envelope of the wavetrain and φ the phase. The
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PDF of the envelope A follows from an integration of the joint probability
distribution over the phase φ. The first term gives the Rayleigh distribution
while the terms involving the skewness integrate to zero. The third term does
give a contribution depending on the kurtosis and they find that the narrowband approximation of the PDF of the envelope is



1
1 4
− 21 A2
2
1 + m4 1 − A + A
p(A) = Ae
.
3
8
The probability of the occurrence of a rogue wave as a function of N (the
number of waves ) and the kurtosis is


Progue = 1 − exp −e−8 N (1 + 8m4 ) .

In this way, as the kurtosis increases, the probability that rogue waves will
occur increases. We examine the evolution of the skewness and kurtosis for
three ranges of δ: i) δ ≤ .1, ii) .1 < δ < .2, and iii) δ ≥ .2. The skewness and
kurtosis is computed at each time step, first as an average over space and then
averaging over the ensemble. As before, we begin by determining the nonlinear
spectrum of the JONSWAP initial data for various combinations of (α, γ). We
used a sufficient number of realizations of the random phases so that we would
have 250 cases for each range of values of δ. Fig. 12 provides the evolution of
the skewness and kurtosis for three different values of the nonlinear spectral
gap size δ. Both the skewness and kurtosis grows initially and then relax to
their asymptotic value. The asymptotic value of the kurtosis is approximately
i) 3.5 when δ ≤ .1, ii) 3.2 when .1 < δ < .2, and iii) 3 when δ ≥ .2. It is clear
in Fig. 12 the kurtosis is strongly dependent on δ and attains larger values for
Jonswap data closer to homoclinic data. The proximity to homoclinic data
changes the wave statistics and increases the likelihood of rogue waves.
Using the inverse spectral theory of the NLS equation, we have shown that
the development of extreme waves in random oceanic sea states characterized
by JONSWAP power spectra is well predicted by the proximity to homoclinic data of the NLS equation. We observe that the modulational instability
generates a significant deviation from Gaussianity. In particular we find: i)
the kurtosis and wave strength are found to be strongly dependent on δ, the
proximity to instabilities and homoclinic structures; ii) the likelihood of rogue
waves increases for JONSWAP data near to homoclinic data of the NLS; iii)
the NLS equation underpredicts, as compared to the MD equation, both the
wave strength and likelihood of rogue waves.
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